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The spectral relations for the four-time fermionic Green’s functions are derived in the most general case. The
terms which correspond to the zero-frequency anomalies, known before only for the bosonic Green’s functions,
are separated and their connection with the second cumulants of the Boltzmann distribution function is eluci-
dated. The high-frequency expansions of the four-time fermionic Green’s functions are provided for different
directions in the frequency space.
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1. Introduction
One of the main tasks of the quantum many-body theory is, on the one hand, to calculate the observ-
able quantities that could be measured directly by experiment, and, on the other hand, to provide con-
nections between the measured quantities and microscopic properties of a system. It was ﬁrst noticed by
Kubo [1] that linear transport coeﬃcients are expressed in terms of the Fourier transforms of appropriate
correlation functions that relate by spectral relations to the two-time Green’s functions. Since then, the
Green’s function method has been admitted and extensively developed [2–4].
In his seminal article Kubo [1] also pointed out the difference between the isothermal and adiabatic
(isolated [5]) response of the many-body system and its connection with the ergodic properties of a sys-
tem. On the other hand, later on it was noticed by Stevens and Toombs [6] that spectral relations should
be completed by a special treatment of an additional contribution at zero frequency connected with the
presence of conserved quantities [7, 8].
In the Green’s function formalism, the issue of ergodicity appears as a diﬃculty in the determina-
tion of the zero-frequency bosonic propagators [6–14]. It states that the Fourier transform of the Green’s
function contains two terms:
GAB (z)= G˜AB (z)−CABδ(z), (1.1)
where the ﬁrst ergodic (Kubo) contribution G˜AB (z) is deﬁned by the one-particle bosonic or fermionicdensity of states
ρAB (ω˜)= 1
Z
∑
j f
A j f B f j
(
e−βε j ∓e−βε f
)
δ(ω˜−ε f j ) (1.2)
through the spectral relation
G˜AB (z)=
+∞∫
−∞
dω˜
ρAB (ω˜)
z− ω˜ , (1.3)
and the second nonergodic term represents the zero-frequency anomaly withCAB = 0 for fermionic func-tions andCAB , 0 for a bosonic one. Here, the upper and lower signs correspond to bosonic and fermionicfunctions, respectively,
A j l = 〈 j |Aˆ|l〉 (1.4)
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are matrix elements of operator Aˆ between the many-body states with energy difference
ε j l = ε j −εl , (1.5)
and
Z =Tre−βH =∑
j
e−βε j (1.6)
is partition function.
For the Matsubara Green’s function, the complex argument z is equal to the bosonic or fermionic
Matsubara frequencies z = iωn , δ(z) = β∆(iωn) with ∆(z = 0) = 1 and 0 in other cases, and for bosonicfunctions we have
CAB = 1
Z
∑
j f
ε j=ε f
e−βε j A j f B f j , (1.7)
where the summation is only over themany-body states with equal energies ε j = ε f including nonergodiccontributions and contributions from the conserved quantities.
For the retarded and advanced Green’s function one should replace z by ω± i0+, respectively, and
put δ(z)= δ(ω). Now, the quantity CAB is not well deﬁned and different tricks are used for its calculation[7–9, 11–17].
Nevertheless, even now many textbooks on the quantum statistics and many-body theory do not pro-
vide a complete discussion of the spectral relations and special treatment of the zero-frequency anoma-
lies. Moreover, since for the two-time Green’s functions such anomalies appear only for a bosonic one, no
one has even tried to address the problem of zero-frequency anomalies for multi-time fermionic Green’s
functions.
The Kubo’s transport theory [1] is not limited to the linear phenomena and provides results to the ar-
bitrary order of external perturbation. The resulting multi-time correlation and Green’s functions repre-
sent different nonlinear transport phenomena and resonances [18–20]. Besides, multi-time functions also
appear as puzzles in different orders of perturbation theories for many-body systems, e.g., the four-time
two-particle function enters the Schwinger-Dyson equation for the one-particle function [21]. Moreover,
cross-sections of the inelastic scattering processes can be expressed in terms of multi-time correlation
functions too [22, 23], e.g., for the electronic inelastic light (Raman) scattering the nonresonant, mixed,
and resonant responses [24–26] are connected with the two-time, three-time, and four-time Matsubara
Green’s functions [27–29], respectively, and can be rewritten in terms of multi-time correlation functions.
Spectral relations for multi-time, i.e., three-time Green’s functions of Kubo type, were originally intro-
duced by Bonch-Bruevich [4, 30] before the zero-frequency anomaly problem was noticed. Spectral rela-
tions for three-time bosonic Matsubara Green’s functions taking into account zero-frequency anomalies
were considered by Shvaika [31] and there were obtained solutions of the reverse problem, i.e., ﬁnding
of spectral densities from the known Green’s functions.
In this article we consider spectral relations for the four-time fermionic Matsubara Green’s functions
with special emphasis on zero-frequency anomalies. It will be shown that despite the obvious statement
that there are no zero-frequency anomalies for separate fermionic frequencies, they could exist for the
sums of two. In the next section we introduce four-time correlation functions and spectral densities and
separate the terms with different time and frequency dependences. In section 3 we consider the four-
time Matsubara Green’s functions and show how the zero-frequency anomalies enter and modify the
spectral relations. The connection with generalized cumulants will be considered as well. We provide the
high-frequency asymptotics in section 4 and in the last section we conclude.
2. Four-time correlation functions and spectral densities
First of all, we should introduce the four-time correlation functions. They can be deﬁned in a usual
way as follows:
KABCD (t1, t2, t3, t4)= 〈Aˆ(t1)Bˆ(t2)Cˆ (t3)Dˆ(t4)〉, (2.1)
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where operators Aˆ, Bˆ , Cˆ , and Dˆ are of the fermionic type, e.g., ordinary creation and annihilation opera-
tors or operators with a more complex commutation relations like the Hubbard one, and
〈. . .〉 = 1
Z
Tre−βH (. . .) (2.2)
is a thermodynamical averaging. Here, we consider only the case of equilibrium many-body systems for
which correlation functions are time-shift invariant
KABCD (t1, t2, t3, t4)=KABCD (t1− t , t2− t , t3− t , t4− t ). (2.3)
Spectral density is deﬁned as its Fourier transform
IABCD (ω1,ω2,ω3,ω4)= 1
(2pi)3
+∞∫
−∞
d(t1− t4)
+∞∫
−∞
d(t2− t4)
+∞∫
−∞
d(t3− t4)
×KABCD (t1, t2, t3, t4)ei(ω1t1+ω2t2+ω3t3+ω4t4)∆(ω1+ω2+ω3+ω4). (2.4)
Here, symbol ∆(ω1+ω2+ω3+ω4) represents the conservation of the total energy (frequency)
ω1+ω2+ω3+ω4 = 0, (2.5)
which follows from the time-shift invariance (2.3). Below, in all equations, we shall keep all four frequencies
in order to obtain simple rules for constructing of different contributions, but one should keep in mind that
according to (2.5) only three of them are independent.
In the case of fermionic operators, spectral density (2.6) includes four different contributions
IABCD (ω1,ω2,ω3,ω4)=∆(ω1+ω2+ω3+ω4)
[
I˜ABCD (ω1,ω2,ω3,ω4)
+δ(ω1+ω2)I¯AB CD (ω1,−ω1,ω3,−ω3)+δ(ω2+ω3)I¯A BC D (ω1,−ω3,ω3,−ω1)
+δ(ω1+ω2)δ(ω2+ω3) ¯¯IABCD (ω1,−ω1,ω1,−ω1)
] (2.6)
with different frequency dependences
I˜ABCD (ω1,ω2,ω3,ω4)= 1
Z
∑
j l f p
ε j,ε f
εp,εl
e−βε j A j lBl f C f pDp jδ(ε j l +ω1)δ(εl f +ω2)δ(ε f p +ω3), (2.7)
I¯AB CD (ω1,−ω1,ω3,−ω3)=
1
Z
∑
j l f p
ε j=ε f
εp,εl
e−βε j A j lBl f C f pDp jδ(ε j l +ω1)δ(ε f p +ω3), (2.8)
I¯A BC D (ω1,−ω3,ω3,−ω1)=
1
Z
∑
j l f p
εl=εp
ε j,ε f
e−βε j A j lBl f C f pDp jδ(ε j l +ω1)δ(ε f p +ω3), (2.9)
¯¯IABCD (ω1,−ω1,ω1,−ω1)=
1
Z
∑
j l f p
ε f =ε j
εl=εp
e−βε j A j lBl f C f pDp jδ(ε j l +ω1). (2.10)
For bosonic operators, additional terms with δ(ωi ) could appear [31]. Expression (2.6) already displaysthe zero-frequency anomaly — the presence of terms with δ-function factors, which results in different
time dependences of the contributions in the correlation function
KABCD (t1, t2, t3, t4)= K˜ABCD (t1, t2, t3, t4)+ K¯AB CD (t1− t2, t3− t4)
+ K¯A BC D (t1− t4, t3− t2)+ ¯¯KABCD (t1− t2+ t3− t4) (2.11)
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with a different asymptotic behavior at large time values t1 →∞, t2 →∞, t3 →∞, and t4 →∞. Theﬁrst term always goes to zero K˜ABCD (t1, t2, t3, t4) → 0, the next two terms K¯AB CD (t1 − t2, t3 − t4) and
K¯A BC D (t1−t4, t3−t2) are ﬁnite for ﬁnite differences |t1−t2|¿∞, |t3−t4|¿∞ and |t1−t4|¿∞, |t3−t2|¿
∞, respectively, and the last term ¯¯KABCD (t1− t2+ t3− t4) is ﬁnite for ﬁnite values of |t1− t2+ t3− t4|¿∞.Besides, the total spectral density (2.6) satisﬁes the following cyclic permutation identities (ω1+ω2+
ω3+ω4 = 0)
IABCD (ω1,ω2,ω3,ω4)= IBCDA(ω2,ω3,ω4,ω1)eβω1 = ICDAB (ω3,ω4,ω1,ω2)eβ(ω1+ω2)
= IDABC (ω4,ω1,ω2,ω3)e−βω4 , (2.12)
and for a given set of operators Aˆ, Bˆ , Cˆ , and Dˆ there are 4!= 24 different correlation functions (2.11) but
only 3!= 6 nonidentical spectral densities (2.6).
3. Four-time Matsubara Green’s function
Now we introduce four-time Matsubara Green’s function
K (4)c (τ1,τ2,τ3,τ4)= 〈T Aˆ(τ1)Bˆ(τ2)Cˆ (τ3)Dˆ(τ4)〉,
K (4)c (τ1,τ2,τ3,τ4)=K (4)c (τ1−τ,τ2−τ,τ3−τ,τ4−τ). (3.1)
Due to the imaginary time orderingT , its Fourier transform contains 4!= 24 termswhich can be collected
into 3!= 6 contributions
K (4)c (iωn1 , iωn2 , iωn3 , iωn4 )=
1
β
β∫
0
dτ1
β∫
0
dτ2
β∫
0
dτ3
β∫
0
dτ4e
(iωn1τ1+iωn2τ2+iωn3τ3+iωn4τ4)K (4)c (τ1,τ2,τ3,τ4)
=KABCD (iωn1 , iωn2 , iωn3 , iωn4 )+KDCBA(iωn4 , iωn3 , iωn2 , iωn1 )+KACDB (iωn1 , iωn3 , iωn4 , iωn2 )
+KBDCA(iωn2 , iωn4 , iωn3 , iωn1 )+KADBC (iωn1 , iωn4 , iωn2 , iωn3 )+KCBDA(iωn3 , iωn2 , iωn4 , iωn1 ), (3.2)
where
KABCD (iωn1 , iωn2 , iωn3 , iωn4 )=
1
Z
∑
j l f p
A j lBl f C f pDp jP( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 ) (3.3)
collects the terms connected by cyclic permutations and iωn = i(2n+1)piT are fermionic Matsubara fre-quencies which satisfy the constraint
iωn1 + iωn2 + iωn3 + iωn4 = 0. (3.4)
In equation (3.3), cyclic permutations are included through quantity
P( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )=
1
β
[
e−βε j
β∫
0
dτ1
τ1∫
0
dτ2
τ2∫
0
dτ3
τ3∫
0
dτ4−e−βεl
β∫
0
dτ2
τ2∫
0
dτ3
τ3∫
0
dτ4
τ4∫
0
dτ1
+e−βε f
β∫
0
dτ3
τ3∫
0
dτ4
τ4∫
0
dτ1
τ1∫
0
dτ2−e−βεp
β∫
0
dτ4
τ4∫
0
dτ1
τ1∫
0
dτ2
τ2∫
0
dτ3
]
×exp[(ε j l + iωn1 )τ1+ (εl f + iωn2 )τ2+ (ε f p + iωn3 )τ3+ (εp j + iωn4 )τ4], (3.5)
which satisﬁes an obvious relation
P( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )=−P(l , iωn2 , f , iωn3 ,p, iωn4 , j , iωn1 ). (3.6)
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In a general case, when all possible nontrivial sums of Matsubara frequencies are nonzero or when there
are no eigenstates with the same energy values, function (3.5) is equal to
P˜( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )=∆(iωn1+iωn2+iωn3+iωn4 )
×
[ e−βε j
(εl j − iωn1 )(ε f j − iωn1 − iωn2 )(εp j + iωn4 )
− e
−βεl
(ε f l − iωn2 )(εpl − iωn2 − iωn3 )(ε j l + iωn1 )
+ e
−βε f
(εi f − iωn3 )(ε j f − iωn3 − iωn4 )(εl f + iωn2 )
− e
−βεp
(ε j p − iωn4 )(εlp − iωn4 − iωn1 )(ε f p + iωn3 )
]
. (3.7)
Besides, we should consider several special cases, when we have levels with the same energy value: the
case of ε j = ε f , εp ,εl and iωn1 + iωn2 =−iωn3 − iωn4 = 0. Now we have an additional contribution[
lim
ε f→ε j
lim
iωn2→−iωn1
− lim
iωn2→−iωn1
lim
ε f→ε j
]
P˜( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )
=∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )∆ε j ,ε f
βe−βε j
(εl j − iωn1 )(εp j − iωn3 )
. (3.8)
Another case of εp = εl , ε j ,ε f and iωn1 + iωn4 =−iωn3 − iωn2 = 0 produces a different additional contri-bution [
lim
εp→εl
lim
iωn4→−iωn1
− lim
iωn4→−iωn1
lim
εp→εl
]
P˜( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )
=−∆(iωn1 + iωn4 )∆(iωn3 + iωn2 )∆εp ,εl
βe−βεl
(ε f l − iωn2 )(ε j l − iωn4 )
. (3.9)
The case of ε j = ε f , εp = εl and iωn1 = −iωn2 = iωn3 = −iωn4 does not introduce any additional contri-butions but it should be considered separately to avoid double counting. Here,
∆ε j ,ε f =
{
1, ε j = ε f
0, ε j , ε f
; ∆¯ε j ,ε f = 1−∆ε j ,ε f . (3.10)
Special consideration of such terms is required because in many cases, e.g., in numerical calculations, it
is very diﬃcult to tune up independently the energies of each many-body state ε j in order to apply thetricks like (3.8) and (3.9), and they should be incorporated in the theory explicitly. On the other hand, they
correspond to the cases when the consequent action of two fermionic operators returns the many-body
system back to the initial state or to the state with the same energy (true or accidental degeneracy) and
represent the elastic scattering collisions. Such processes determine the difference between the isother-
mal (e.g., static) and isolated (Kubo) susceptibilities [5].
Finally, we get
P( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )= P˜( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )
+∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )∆ε j ,ε f
βe−βε j
(εl j − iωn1 )(εp j − iωn3 )
−∆(iωn1 + iωn4 )∆(iωn3 + iωn2 )∆εp ,εl
βe−βεl
(ε f l − iωn2 )(ε j l − iωn4 )
(3.11)
or
P( j , iωn1 , l , iωn2 , f , iωn3 ,p, iωn4 )=∆(iωn1 + iωn2 + iωn3 + iωn4 )∆¯ε j ,ε f ∆¯εl ,εp
×
[ e−βε j
(εl j − iωn1 )(ε f j − iωn1 − iωn2 )(εp j + iωn4 )
− e
−βεl
(ε f l − iωn2 )(εpl − iωn2 − iωn3 )(ε j l + iωn1 )
+ e
−βε f
(εp f − iωn3 )(ε j f − iωn3 − iωn4 )(εl f + iωn2 )
− e
−βεp
(ε j p − iωn4 )(εlp − iωn4 − iωn1 )(ε f p + iωn3 )
]
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−∆(iωn1 + iωn2 + iωn3 + iωn4 )∆ε j ,ε f ∆¯εl ,εp
{ e−βε j
(εl j + iωn2 )(εp j + iωn4 )
[ 1
εl j − iωn1
+ 1
εp j − iωn3
]
+ 1
εpl − iωn2 − iωn3
[ e−βεl
(ε j l − iωn2 )(ε j l + iωn1 )
− e
−βεp
(ε j p − iωn4 )(ε j p + iωn3 )
]}
+∆(iωn1 + iωn2 + iωn3 + iωn4 )∆¯ε j ,ε f ∆εl ,εp
×
{ 1
ε f j − iωn1 − iωn2
[ e−βε j
(εl j − iωn1 )(εl j + iωn4 )
− e
−βε f
(εl f − iωn3 )(εl f + iωn2 )
]
+ e
−βεl
(ε j l + iωn1 )(ε f l + iωn3 )
[ 1
ε f l − iωn2
+ 1
ε j l − iωn4
]}
+∆(iωn1 + iωn2 + iωn3 + iωn4 )∆ε j ,ε f ∆εl ,εp
e−βε j +e−βεl
(εl j − iωn1 )(εl j − iωn3 )
[ 1
ε j l − iωn2
+ 1
ε j l − iωn4
]
+∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )∆ε j ,ε f ∆¯εp ,εl
βe−βε j
(εl j − iωn1 )(εp j − iωn3 )
−∆(iωn1 + iωn4 )∆(iωn3 + iωn2 )∆¯ε j ,ε f ∆εp ,εl
βe−βεl
(ε f l − iωn2 )(ε j l − iωn4 )
.
+
β∆ε j ,ε f ∆εp ,εl
(εl j − iωn1 )(εl j − iωn3 )
[
∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )e−βε j −∆(iωn1 + iωn4 )∆(iωn3 + iωn2 )e−βεl
]
.
(3.12)
Now we can introduce spectral representations for four-time fermionic Matsubara functions. For the
ﬁrst term in (3.2) we get (ω4 =−ω1−ω2−ω3)
KABCD (iωn1 , iωn2 , iωn3 , iωn4 )= K˜ABCD (iωn1 , iωn2 , iωn3 , iωn4 )
+β∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )
+∞∫
−∞
dω1
+∞∫
−∞
dω3
I¯AB CD (ω1,−ω1,ω3,−ω3)
(ω1− iωn1 )(ω3− iωn3 )
−β∆(iωn1 + iωn4 )∆(iωn3 + iωn2 )
+∞∫
−∞
dω1
+∞∫
−∞
dω3
I¯A BC D (ω1,−ω3,ω3,−ω1)
(ω1− iωn1 )(ω3− iωn3 )
e−βω1
+β∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )
+∞∫
−∞
dω1
¯¯IABCD (ω1,−ω1,ω1,−ω1)
(ω1− iωn1 )(ω1− iωn3 )
−β∆(iωn1 + iωn4 )∆(iωn3 + iωn2 )
+∞∫
−∞
dω1
¯¯IABCD (ω1,−ω1,ω1,−ω1)
(ω1− iωn1 )(ω1− iωn3 )
e−βω1 , (3.13)
where
K˜ABCD (iωn1 , iωn2 , iωn3 , iωn4 )=∆(iωn1 + iωn2 + iωn3 + iωn4 )
( +∞∫
−∞
dω1
+∞∫
−∞
dω2
+∞∫
−∞
dω3 I˜ABCD (ω1,ω2,ω3,ω4)
×
[
1
(ω1− iωn1 )(ω1+ω2− iωn1 − iωn2 )(−ω4+ iωn4 )
− e
−βω1
(ω2− iωn2 )(ω2+ω3− iωn2 − iωn3 )(−ω1+ iωn1 )
+ e
−β(ω1+ω2)
(ω3− iωn3 )(ω3+ω4− iωn3 − iωn4 )(−ω2+ iωn2 )
− e
βω4
(ω4− iωn4 )(ω4+ω1− iωn4 − iωn1 )(−ω3+ iωn3 )
]
−
+∞∫
−∞
dω1
+∞∫
−∞
dω3 I¯AB CD (ω1,−ω1,ω3,−ω3)
{
1
(ω1+ iωn2 )(ω3+ iωn4 )
[
1
ω1− iωn1
+ 1
ω3− iωn3
]
+ 1
ω3−ω1− iωn2 − iωn3
[
e−βω1
(ω1+ iωn2 )(ω1− iωn1 )
− e
−βω3
(ω3+ iωn4 )(ω3− iωn3 )
]}
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+
+∞∫
−∞
dω1
+∞∫
−∞
dω3 I¯A BC D (ω1,−ω3,ω3,−ω1)
{
e−βω1
(ω1− iωn1 )(ω3− iωn3 )
[
1
−ω3− iωn2
+ 1−ω1− iωn4
]
+ 1
ω1−ω3− iωn1 − iωn2
[
1
(ω1+ iωn4 )(ω1− iωn1 )
− e
−β(ω1−ω3)
(ω3+ iωn2 )(ω3− iωn3 )
]}
−
+∞∫
−∞
dω1
¯¯IABCD (ω1,−ω1,ω1,−ω1)
1+e−βω1
(ω1− iωn1 )(ω1− iωn3 )
[
1
ω1+ iωn2
+ 1
ω1+ iωn4
])
. (3.14)
Similar expressions can be written for the other ﬁve contributions in (3.2). One can see from (3.13) and
(3.14) that spectral densities (2.7) contribute only in the normal components (3.14), whereas the spectral
densities (2.8)–(2.10) contribute both in the normal and in anomalous components.
3.1. Zero-frequency anomaly and cumulants
It follows from equation (3.13) that there are two types of contributions: the normal one
K˜ABCD (iωn1 , iωn2 , iωn3 , iωn4 )with all frequencies being different and the anomalous one with additionalconstraints on the frequencies. Based on this, one can rewrite the four-time Green’s function (3.2) in the
form
K (4)c (iωn1 , iωn2 , iωn3 , iωn4 )= K˜ (4)c (iωn1 , iωn2 , iωn3 , iωn4 )
+β∆(iωn1 + iωn2 )∆(iωn3 + iωn4 )K¯ AB ,CDc (iωn1 , iωn3 )
+β∆(iωn1 + iωn3 )∆(iωn4 + iωn2 )K¯ AC ,DBc (iωn1 , iωn4 )
+β∆(iωn1 + iωn4 )∆(iωn2 + iωn3 )K¯ AD,BCc (iωn1 , iωn2 ), (3.15)
where
K˜ (4)c (iωn1 , iωn2 , iωn3 , iωn4 )= K˜ABCD (iωn1 , iωn2 , iωn3 , iωn4 )+ K˜DCBA(iωn4 , iωn3 , iωn2 , iωn1 )
+ K˜ACDB (iωn1 , iωn3 , iωn4 , iωn2 )+ K˜BDCA(iωn2 , iωn4 , iωn3 , iωn1 )
+ K˜ADBC (iωn1 , iωn4 , iωn2 , iωn3 )+ K˜CBDA(iωn3 , iωn2 , iωn4 , iωn1 ) (3.16)
collects all normal contributions. The anomalous contribution has the form:
K¯ AB ,CDc (iωn1 , iωn3 )=
1
Z
∑
j f
ε j=ε f
e−βε j g ABj f (iωn1 )g
CD
f j (iωn3 ), (3.17)
where the quantities
g ABj f (iωn1 )=
∑
l
[
A j lBl f
iω1−εl j
+ B j l Al f
iω1+εl j
]
(3.18)
could be considered as unaveraged matrix elements of the two-time Green’s function (1.3)
G˜AB (iωn)= 1
Z
∑
j f
e−βε j
[
A j f B f j
iωn +ε j f
∓ B j f A f j
iωn −ε j f
]
=∑
j
b(1)j g
AB
j j (iωn). (3.19)
Here,
b(1)j =
∂
∂(−βε j )
lnZ = 1
Z
e−βε j (3.20)
could be considered as a ﬁrst cumulant (Ursell function) [32–34] of the Boltzmann distribution.
Anomalous term can be represented as a sum of two contributions
K¯ AB ,CDc (iωn1 , iωn3 )= G˜AB (iωn1 )G˜CD (iωn3 )+ K¯ AB ,CDc,irr (iωn1 , iωn3 ), (3.21)
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where the reducible part [product of two two-time Green’s functions (1.3)] is separated and the irre-
ducible one is equal to
K¯ AB ,CDc,irr (iωn1 , iωn3 )=
∑
j f j ′ f ′
ε j=ε f
[
b(1)j δ j j ′δ f f ′ −b(1)j b(1)j ′ δ j f δ j ′ f ′
]
g ABj f (iωn1 )g
CD
f ′ j ′ (iωn3 ). (3.22)
Let us consider the case of non-degenerate states, when there are no different states with the same energy
value. In this case, expression (3.22) takes up a straighter form
K¯ AB ,CDc,irr (iωn1 , iωn3 )=
∑
j f
b(2)j f g
AB
j j (iωn1 )g
CD
f f (iωn3 ), (3.23)
where
b(2)j f =
∂
∂(−βε j )
∂
∂(−βε f )
lnZ =
∂b(1)j
∂(−βε f )
=
∂b(1)f
∂(−βε j )
= b(1)j δ j f −b(1)j b(1)f (3.24)
is the second cumulant of the Boltzmann distribution. Based on this, one can consider an expression in
brackets in (3.22) as a generalization of cumulant expansions for the case when degenerate states are
present in the many-body system.
For noninteracting fermions, the irreducible four-time Green’s function (3.22) is equal to zero
K¯ AB ,CDc,irr (iωn1 , iωn3 ) = 0. For interacting fermions, there are not so many exact solutions for multi-timeresponse functions. One solution is known for the impurity problem [35] in the dynamical mean ﬁeld
theory [36, 37] for the Falicov-Kimball model [38, 39] with a generalized partition function
Z=Trexp(−βHimp)T exp
− β∫
0
dτ
β∫
0
dτ′λ(τ−τ′)d†(τ)d(τ′)
 , (3.25)
where the impurity Hamiltonian
Himp =Ud†d f † f +E1 f † f +E0 f f †−µ
(
d†d + f † f
) (3.26)
describes the local Coulomb interaction of value U between the itinerant d and localized f -electrons
and λ(τ− τ′) is a generalized ﬁeld. Here, E1 and E0 are energies of the occupied and unoccupied f -state (E0→ 0), respectively, and µ is chemical potential. An occupation of the f -state f † f is a conservedquantity that allows one to ﬁnd the two-time Green’s function (3.19) in the form
Gdd† (iωn)=w0g0(iωn)+w1g1(iωn), (3.27)
where
g0(iωn)= 1
iωn +µ−λ(iωn)
,
g1(iωn)= 1
iωn +µ−U −λ(iωn)
(3.28)
are Green’s functions for the sites unoccupied and occupied by f -electron, respectively, and
w0 = b(1)0 =
∂
∂(−βE0)
lnZ,
w1 = b(1)1 =
∂
∂(−βE1)
lnZ (3.29)
are the corresponding probabilities of ﬁnding such sites (w0+w1 = 1).The normal contributions in the four-time Green’s function (3.16) vanish in this case
K˜ (4)c (iωn1 , iωn2 , iωn3 , iωn4 )= 0, (3.30)
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whereas anomalous contributions (3.17) are equal to
K¯ dd
†,dd†
c (iωn1 , iωn3 )=w0g0(iωn1 )g0(iωn3 )+w1g1(iωn1 )g1(iωn3 ),
K¯ dd ,d
†d†
c (iωn1 , iωn3 )= 0, (3.31)
and for the irreducible part (3.22) we get
K¯ dd
†,dd†
c,irr (iωn1 , iωn3 )=
∑
j , f =0,1
b(2)j f g j (iωn1 )g f (iωn3 )
=w0w1
[
g0(iωn1 )− g1(iωn1 )
][
g0(iωn3 )− g1(iωn3 )
]
=U2w0w1g0(iωn1 )g1(iωn1 )g0(iωn3 )g1(iωn3 ), (3.32)
where
b(2)11 = b(2)00 =
∂b(1)1
∂(−βE1)
= ∂b
(1)
0
∂(−βE0)
=w0w1,
b(2)10 = b(2)01 =
∂b(1)1
∂(−βE0)
= ∂b
(1)
0
∂(−βE1)
=−w0w1 (3.33)
are second cumulants for the f -state occupation probabilities. Unfortunately, the complete four-time
Green’s function for the lattice Falicov-Kimball model is unknown; the solutions of the Bethe-Salpeter
equation in an electron-hole channel have been obtained [40–42] but these solutions break the permu-
tation symmetry of the general expression (3.15) and more complicated approximations that include the
scattering effects in different channels on equal footing, e.g., parquet one [43, 44], should be used.
In the many-body theory, cumulant contributions appear in a natural way in the strong coupling
approaches [45–50] and in some cases they are the only contributions that enter the expressions for
a dynamical response, e.g., dynamical charge susceptibilities [40–42] and cross-sections of the inelastic
light (Raman) and x-ray scattering [27–29] for the Falicov-Kimball model.
3.2. Analytic continuation and reverse engineering problem
Next, we can perform an analytic continuation from the Matsubara frequencies to the real one and
for each term in (3.13) we will get different sets of the branch cuts as for single frequencies
iωnα →ωα± i0+, α= 1,2,3,4, (3.34)
as for sums of two frequencies
iωnα + iωnγ →ωα+ωγ± i0+. (3.35)
Differences in the analytic properties of each term in (3.13) and, as a result, in (3.3) allow one to solve
the reverse engineering problem: extracting all spectral densities from the single Green’s function. To do
this, one should consequently extract nonanalyticities at all brunch cuts of type (3.34) and (3.35) but in
different order, which will produce a set of equations for the unknown spectral densities. For the above
considered impurity problem for the Falicov-Kimball model, one can get from equation (3.32) expressions
for the spectral densities (2.8) and (2.9), e.g.,
I¯
dd† dd†
(ω1,−ω1,ω3,−ω3)= 1
pi2
∑
j , f =0,1
b(2)j f Img j (iωn1 ) Img f (iωn3 )
= 1
pi2
w0w1 Im
[
g0(iωn1 )− g1(iωn1 )
]
Im
[
g0(iωn3 )− g1(iωn3 )
] (3.36)
and all other spectral densities are equal to zero. In general, the procedure is very cumbersome and will
be not presented here, see for the details [31].
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4. High frequency asymptotics
In many applications, e.g., for the correctness checking of analytic approximations or for the memory
consumption limitations for storing the high frequency tails in numerical calculations, it is useful to have
the high frequency asymptotics of the four-time fermionic Matsubara Green’s functions. It is obvious
that for different directions in the three-frequency space deﬁned by a constraint (3.4) one can observe a
different asymptotic behavior and we shall present the results for some cases herein below.
4.1. |iωn | ∼Ω, |iωn + iωm | ∼Ω,ΩÀE
First of all we consider the most general case when each Matsubara’s frequency |iωn | ∼Ω as well aseach nontrivial sum ofMatsubara frequencies |iωn+iωm | ∼Ωwith taking into account the constraint (3.4)are much larger in modulus than the possible many-body state energy differences ΩÀ E =max |ε j −εl |.The ﬁrst 1/Ω3 order terms in the high frequency expansion of (3.2) using (3.11) are equal to
K (4)c (iωn1 , iωn2 , iωn3 , iωn4 )−→
〈{[{A,D},B ],C }〉
iωn3 iωn4 (iωn2 + iωn3 )
+ 〈{[A, {B ,D}],C }〉
iωn3 iωn4 (iωn1 + iωn3 )
+ 〈{[C , {A,D}],B}〉
iωn2 iωn4 (iωn2 + iωn3 )
+ 〈{A, [{B ,D},C ]}〉
iωn1 iωn4 (iωn1 + iωn3 )
+ 〈{B , [{C ,D},A]}〉
iωn2 iωn4 (iωn1 + iωn2 )
+ 〈{A, [B , {C ,D}]}〉
iωn1 iωn4 (iωn1 + iωn2 )
, (4.1)
where we have introduced anticommutators {X1,X2}= X1X2+X2X1 and commutators [X ,Y ]= XY −Y Xof operators, and in the case of the ordinary fermionic creation and annihilation operators it is equal to
zero (but this is not correct for the Hubbard operators).
The next 1/Ω4 order contributions are equal to
KABCD (iωn1 , iωn2 , iωn3 , iωn4 )−→
1
iωn1 (iωn1 + iωn2 )iωn4
×
{ 〈[A,H ]BCD〉
iωn1
+ 〈[AB ,H ]CD〉
iωn1 + iωn2
+ 〈ABC [D,H ]〉
iωn4
}
, (4.2)
where we have used the identity
εl j 〈 j |Aˆ|l〉 = 〈 j |[Aˆ,H ]|l〉. (4.3)
The presence of different frequency denominators does not allow one to collapse the total expression
(3.2) in a compact form like (4.1).
4.2. |iωn1 | ∼E , |iωn | ∼Ω, |iωn + iωm | ∼Ω,ΩÀE
Next, we consider the case of the ﬁnite frequency value |iωn1 | ∼ E . Other Matsubara frequencies
|iωn | ∼Ω (n = 2,3,4) as well as each nontrivial sum of Matsubara frequencies |iωn + iωm | ∼Ω are muchlarger in modulus than the possible energy differences ΩÀ E =max |ε j −εl |. The ﬁrst terms in the highfrequency expansion of (3.2) using (3.11) are equal to
1
(iωn3 + iωn4 )iωn4
{
FA,BCD (iωn1 )+
FA,B [CD,H ](iωn1 )
iωn3 + iωn4
+ FA,BC [D,H ](iωn1 )
iωn4
}
− 1
(iωn3 + iωn2 )iωn2
{
FA,DCB (iωn1 )+
FA,D[CB ,H ](iωn1 )
iωn3 + iωn2
+ FA,DC [B ,H ](iωn1 )
iωn2
}
+ 1
(iωn4 + iωn2 )iωn2
{
FA,CDB (iωn1 )+
FA,C [DB ,H ](iωn1 )
iωn4 + iωn2
+ FA,CD[B ,H ](iωn1 )
iωn2
}
− 1
(iωn4 + iωn3 )iωn3
{
FA,BDC (iωn1 )+
FA,B [DC ,H ](iωn1 )
iωn4 + iωn3
+ FA,BD[C ,H ](iωn1 )
iωn3
}
+ 1
(iωn2 + iωn3 )iωn3
{
FA,DBC (iωn1 )+
FA,D[BC ,H ](iωn1 )
iωn2 + iωn3
+ FA,DB [C ,H ](iωn1 )
iωn3
}
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− 1
(iωn2 + iωn4 )iωn4
{
FA,CBD (iωn1 )+
FA,C [BD,H ](iωn1 )
iωn2 + iωn4
+ FA,CB [D,H ](iωn1 )
iωn4
}
− 1
iωn2 (iωn2 + iωn3 )
{
FBCD,A(−iωn1 )+
F[BC ,H ]D,A(−iωn1 )
iωn2 + iωn3
+ F[B ,H ]CD,A(−iωn1 )
iωn2
}
+ 1
iωn4 (iωn4 + iωn3 )
{
FDCB ,A(−iωn1 )+
F[DC ,H ]B ,A(−iωn1 )
iωn4 + iωn3
+ F[D,H ]CB ,A(−iωn1 )
iωn4
}
− 1
iωn3 (iωn3 + iωn4 )
{
FCDB ,A(−iωn1 )+
F[CD,H ]B ,A(−iωn1 )
iωn3 + iωn4
+ F[C ,H ]DB ,A(−iωn1 )
iωn3
}
+ 1
iωn2 (iωn2 + iωn4 )
{
FBDC ,A(−iωn1 )+
F[BD,H ]C ,A(−iωn1 )
iωn2 + iωn4
+ F[B ,H ]DC ,A(−iωn1 )
iωn2
}
− 1
iωn4 (iωn4 + iωn2 )
{
FDBC ,A(−iωn1 )+
F[DB ,H ]C ,A(−iωn1 )
iωn4 + iωn2
+ F[D,H ]BC ,A(−iωn1 )
iωn4
}
+ 1
iωn3 (iωn3 + iωn2 )
{
FCBD,A(−iωn1 )+
F[CB ,H ]D,A(−iωn1 )
iωn3 + iωn2
+ F[C ,H ]BD,A(−iωn1 )
iωn3
}
+ 〈CDAB〉
iωn3 (iωn3 + iωn4 )iωn2
− 〈DABC〉
iωn4 (iωn4 + iωn1 )iωn3
+ 〈BADC〉
iωn2 (iωn2 + iωn1 )iωn3
− 〈CBAD〉
iωn3 (iωn3 + iωn2 )iωn4
+ 〈DBAC〉
iωn4 (iωn4 + iωn2 )iωn3
− 〈BACD〉
iωn2 (iωn2 + iωn1 )iωn4
+ 〈CABD〉
iωn3 (iωn3 + iωn1 )iωn4
− 〈DCAB〉
iωn4 (iωn4 + iωn3 )iωn2
+ 〈BC AD〉
iωn2 (iωn2 + iωn3 )iωn4
− 〈CADB〉
iωn3 (iωn3 + iωn1 )iωn2
+ 〈DACB〉
iωn4 (iωn4 + iωn1 )iωn2
− 〈BDAC〉
iωn2 (iωn2 + iωn4 )iωn3
. (4.4)
Here, we have introduced the function
FA,X (iωn1 )=
1
Z
∑
j l
e−βε j
A j lXl j
εl j − iωn1
=−
+∞∫
−∞
dωn+(−ω) ρAX (ω)
iωn1 −ω
, (4.5)
where ρAX (ω) is fermionic density of states (1.2) which can be obtained from the corresponding Green’sfunctions and n+(ω) = 1/(eβω+1) is the Fermi distribution function. The spectral representation forfunction (4.5) differs from the one for the Matsubara and the retarded (advanced) Green’s functions (1.3)
by the Fermi factor n+(ω) and is similar to the one for the so-called “half” Green’s functions [51].One can imagine that the ﬁrst terms in braces in (4.4) produce contributions of the order 1/Ω2
whereas the other ones are of the order 1/Ω3, but it could be shown that in the case of ordinary creation
and annihilation fermionic operators, the total contribution of these terms is of the order |iωn1 |/Ω3, thatis of the same order as the other terms are.
The cases of |iωn2 | ∼ E , |iωn3 | ∼ E , or |iωn4 | ∼ E can be obtained from the above expression by thecorresponding permutation of operators and frequencies.
Next we consider the cases of the ﬁnite values of the sums of two Matsubara frequencies.
4.3. |iωn1 + iωn2 | ∼E , |iωn | ∼Ω, |iωn + iωm | ∼Ω,ΩÀE
First we assume that only one sum of two frequencies is ﬁnite |iωn1+ iωn2 | = |iωn3+ iωn4 | ∼ E , includ-ing the case of iωn1 + iωn2 = −iωn3 − iωn4 = 0. Single Matsubara frequencies |iωn | ∼ Ω as well as othersums of Matsubara frequencies |iωn + iωm | ∼ Ω are much larger in modulus than the possible energydifferences ΩÀ E . The ﬁrst 1/Ω2 order terms in the high frequency expansion of (3.2) using (3.12) are
equal to
BCD,AB (iωn3 + iωn4 )
iωn3 iωn2
+ BAB ,CD (iωn1 + iωn2 )
iωn1 iωn4
+β∆(iωn1 + iωn2 )
CAB ,CD
iωn1 iωn3
+ BBA,DC (iωn2 + iωn1 )
iωn2 iωn3
+ BDC ,BA(iωn4 + iωn3 )
iωn4 iωn1
+β∆(iωn4 + iωn3 )
CDC ,BA
iωn4 iωn2
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−
[
BBA,CD (iωn2 + iωn1 )
iωn2 iωn4
+ BCD,BA(iωn3 + iωn4 )
iωn3 iωn1
+β∆(iωn3 + iωn4 )
CCD,BA
iωn3 iωn2
]
−
[
BDC ,AB (iωn4 + iωn3 )
iωn4 iωn2
+ BAB ,DC (iωn1 + iωn2 )
iωn1 iωn3
+β∆(iωn1 + iωn2 )
CAB ,DC
iωn1 iωn4
]
. (4.6)
In this expression we have introduced the bosonic “half” Green’s function [51] using
BY1,Y2 (iων)=
+∞∫
−∞
dωn−(−ω)
ρY1,Y2 (ω)
iων−ω
, (4.7)
where iων = i2νpiT are bosonic Matsubara frequencies, n−(ω)= 1/(eβω−1) is the Bose distribution func-tion, ρY1,Y2 (ω) is bosonic density of states (1.2), and CAB is an anomalous contribution deﬁned by (1.7).The cases of |iωn1 + iωn3 | = |iωn2 + iωn4 | ∼ E or |iωn1 + iωn4 | = |iωn2 + iωn3 | ∼ E can be obtained fromthe above expressions by appropriate permutation of operators and frequencies.
4.4. |iωn1 + iωn2 | ∼E , |iωn2 + iωn3 | ∼E , |iωn | ∼Ω, |iωn + iωm | ∼Ω,ΩÀE
The last casewhichwe consider is the case of large frequencies |iωn | ∼Ω but ﬁnite sums |iωn1+iωn2 | =
|iωn3 + iωn4 | ∼ E and |iωn2 + iωn3 | = |iωn4 + iωn1 | ∼ E (ΩÀ E ). The ﬁrst 1/Ω2 order terms in the highfrequency expansion of (3.2) using (3.12) are equal to
BCD,AB (iωn3 + iωn4 )
iωn3 iωn2
+ BAB ,CD (iωn1 + iωn2 )
iωn1 iωn4
+β∆(iωn1 + iωn2 )
CAB ,CD
iωn1 iωn3
−
[
BDA,BC (iωn4 + iωn1 )
iωn4 iωn3
+ BBC ,DA(iωn2 + iωn3 )
iωn2 iωn1
+β∆(iωn2 + iωn3 )
CBC ,DA
iωn2 iωn4
]
+ BBA,DC (iωn2 + iωn1 )
iωn2 iωn3
+ BDC ,BA(iωn4 + iωn3 )
iωn4 iωn1
+β∆(iωn4 + iωn3 )
CDC ,BA
iωn4 iωn2
−
[
BAD,CB (iωn1 + iωn4 )
iωn1 iωn2
+ BCB ,AD (iωn3 + iωn2 )
iωn3 iωn4
+β∆(iωn3 + iωn2 )
CCB ,AD
iωn3 iωn1
]
−
[
BBA,CD (iωn2 + iωn1 )
iωn2 iωn4
+ BCD,BA(iωn3 + iωn4 )
iωn3 iωn1
+β∆(iωn3 + iωn4 )
CCD,BA
iωn3 iωn2
]
−
[
BDC ,AB (iωn4 + iωn3 )
iωn4 iωn2
+ BAB ,DC (iωn1 + iωn2 )
iωn1 iωn3
+β∆(iωn1 + iωn2 )
CAB ,DC
iωn1 iωn4
]
+ BBC ,AD (iωn2 + iωn3 )
iωn2 iωn4
+ BAD,BC (iωn1 + iωn4 )
iωn1 iωn3
+β∆(iωn1 + iωn4 )
CAD,BC
iωn1 iωn2
+ BDA,CB (iωn4 + iωn1 )
iωn4 iωn2
+ BCB ,DA(iωn3 + iωn2 )
iωn3 iωn1
+β∆(iωn3 + iωn2 )
CCB ,DA
iωn3 iωn4
. (4.8)
The other cases can be obtained by appropriate permutation of operators and frequencies.
The order of magnitude of the terms in high frequency expansion strongly depends on the way we
increase the frequencies:
(1) for the general case of |iωn | ∼Ω and |iωn + iωm | ∼Ω (ΩÀ E ), we have contributions of the order
1/Ω4;
(2) for the case when one Matsubara’s frequency, e.g., |iωn1 | ∼ E , is ﬁnite and all the other are large
|iωn | ∼Ω and |iωn + iωm | ∼Ω, we have contributions of the order 1/Ω3;
(3) for the case when one or two sums of Matsubara frequencies are ﬁnite, we have contributions of
the order 1/Ω2 with additional spikes (zero-frequency anomalies) when these sums of frequencies
are equal to zero.
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5. Summary
In conclusion, we have presented a general approach of derivation of spectral relations for the four-
time fermionic Green’s functions completed by the consideration of the zero-frequency anomalies. It is
known that for the two-time Green’s functions such anomalies contribute only in the bosonic functions
and do not exist for the fermionic ones. Here, we have shown that zero-frequency anomalous terms are
present in spectral representations for multi-time fermionic Green’s functions when the sum of any two
fermionic Matsubara frequencies is equal to zero.
Equation (3.2) together with (3.13) and (3.14) provides a spectral representation of the four-time
fermionic Matsubara Green’s function in terms of spectral densities (2.7)–(2.10). Special consideration
of the processes involving the states with the same energy values (the same states or true or accidental
degeneracy) is required in order to get correct spectral representations and correct expressions of anoma-
lous nonergodic contributions that appear to be connected by equation (3.22) with the second cumulants
of the Boltzmann distribution function.
An algorithm of analytic continuations for the solution of reverse engineering problem: extraction
of the spectral densities from the known expressions for four-time Matsubara Green’s functions is de-
scribed.
In addition, it is shown that high-frequency expansions for the four-time fermionic Green’s functions
demonstrate a different asymptotic behavior and have a different order of magnitude from Ω−4 to Ω−2
for different directions in the frequency space.
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Спектральнi властивостi чотиричасових фермiонних
функцiй Ґрiна
А.М.Швайка
Iнститут фiзики конденсованих систем НАН України, вул. Свєнцiцького, 1, 79011 Львiв, Україна
Отримано в найбiльш загальнiй формi спектральнi спiввiдношення для чотиричасових фермiонних фун-
кцiй Ґрiна. Видiлено аномальнi внески на нульовiй частотi, якi ранiше були вiдомi тiльки для бозонних
функцiй Ґрiна, та висвiтлено їхнiй зв’язок з другими кумулянтами функцiї розподiлу Больцмана. Приведе-
но високочастотнi розклади чотиричасових фермiонних функцiй Ґрiна для рiзних напрямкiв в просторi
частот.
Ключовi слова: багаточасовi функцiї Ґрiна, спектральнi спiввiдношення, неергодичнiсть
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